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In this paper we show that the well-known Mönch ﬁxed point theorem for non-self
mappings remains valid if we replace the Leray–Schauder boundary condition by the
interior condition. As a consequence, we obtain a partial generalization of Petryshyn’s result
for nonexpansive mappings.
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1. Introduction
Since the classical work by Leray and Schauder [6], many papers have been written concerning ﬁxed point theorems
for non-self mappings satisfying the so-called Leray–Schauder boundary condition (see, for instance, [8] and the references
therein). This condition is formulated for a mapping T :G → X , where G is a bounded and open subset of the Banach
space X , with 0 ∈ G , as follows:
T (x) = λx, for x ∈ ∂G and λ > 1. (L-S)
Here, as usual, ∂G denotes the boundary of G . A generalization of the result of Leray and Schauder for compact operators to
the class of set-condensing operators was done by Petryshyn [9]. Recently, in [3], it was noted that Petryshyn’s result may
be extended to a different class of set-condensing operators, those that are deﬁned on a strictly star-shaped set and satisfy
the so-called interior condition (I-C). In this paper, we show that a similar extension can be applied to Mönch’s theorem,
known as a generalization of Petryshyn’s result to include abstract measures of non-compactness.
This said, we proceed to give precise statements of the concepts and results that have been used in the preceding
paragraphs or that will be needed in the rest of the paper.
In what follows, X denotes a Banach space. For x ∈ X and r > 0, the closed ball centered at x of radius r is denoted by
B(x, r) = {y ∈ X: ‖y − x‖  r}. For any subset C ⊂ X , C denotes its closure in X , ∂C its boundary, diam(C) its diameter,
co(C) its convex hull, and co(C) its closed convex hull. More notation, G will always denote a bounded and open subset of
the Banach space X , with 0 ∈ G .
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compact set. The well-known Schauder’s ﬁxed point theorem asserts that if T is a compact operator that leaves invariant a
nonempty, closed, bounded and convex subset C , then T has a ﬁxed point in C . The version of this result for non-invariant
domains is Leray–Schauder’s ﬁxed point theorem: if T :G → X is compact and satisﬁes the condition (L-S), then T has
a ﬁxed point in G . Both theorems admit a generalization to the class of condensing operators for a certain measure of
non-compactness. We recall these concepts next.
If B(X) is the family of all nonempty bounded subsets of X , deﬁne a mapping m :B(X) → [0,∞) to be a measure of
non-compactness in X if it veriﬁes
(MNC1) m(A) = 0 if and only if A is compact,
(MNC2) m(A) =m(A),
(MNC3) m(A ∪ B) = max{m(A),m(B)}.
From (MNC3) we deduce easily that if A ⊆ B are bounded, then m(A)m(B).
A well-known example of a measure of non-compactness is the one of Kuratowski [5], also known as the set-measure of
non-compactness:
α(A) = inf
{
ε > 0: A ⊆
n⋃
i=1
Fi, diam(Fi) < ε
}
.
This measure satisﬁes additionally the following useful properties:
(K1) α(λA) = |λ|α(A), A ∈ B(X), λ scalar,
(K2) α(A + B) α(A) + α(B), A, B ∈ B(X),
(K3) α(co(A)) = α(A), A ∈ B(X).
Suppose that m is a measure of non-compactness in X . If k 0, we say that a mapping T :C ⊂ X → X is a k-m-contractive
mapping if T is continuous and for any bounded set A ⊆ C , T (A) is also bounded and m(T (A)) km(A). We say that T is
condensing (with respect to m) if T is continuous and for any bounded set A ⊆ C with m(A) > 0, T (A) is also bounded and
m(T (A)) <m(A). When m is the set-measure, we use the terminology of set-contractive or set-condensing.
The following ﬁxed point theorem, due to Sadovskiı˘ [10], is a generalization of Schauder’s theorem:
Theorem A (Sadovskiı˘, 1967). Suppose that m is a measure of non-compactness in X which also satisﬁes m(A) = m(co(A)), for
A ∈ B(X). If C is a nonempty, bounded, closed and convex subset of X , and T :C → C is condensing, then T has a ﬁxed point in C .
Petryshyn [9] observed that Sadovskiı˘’s theorem for set-condensing self-maps has its analogue for those non-self map-
pings deﬁned on G , which additionally satisfy the boundary condition (L-S). This result was extended in [3] to the class
of set-condensing operators T :G → X which satisfy the interior condition (I-C) and with the additional restriction of the
domain G being strictly star-shaped. These two concepts were treated in the above paper and are deﬁned as follows.
Say that an open bounded neighborhood of the origin, G , is strictly star-shaped (it is understood with respect to the
origin) if for any x ∈ ∂G , one has {tx: t > 0} ∩ ∂G = {x}. As G is an open bounded neighborhood of the origin, we can
consider k = dist(0, ∂G) = inf{‖x‖: x ∈ ∂G} > 0 and K = sup{‖x‖: x ∈ ∂G} k, obtaining
B(0,k) ⊆ G ⊆ B(0, K ).
Say now that a mapping T :G → X satisﬁes the interior condition (I-C), if there exists δ ∈ (0,k] such that, writing Gδ =
{x ∈ G: dist(x, ∂G) < δ},
T (x) = λx, for x ∈ Gδ, λ > 1, and T (x) /∈ G. (I-C)
Petryshyn’s theorem (and also the corresponding Sadovskiı˘’s theorem for self mappings) was generalized by Mönch in [7]
as follows (see also [8] or [1]).
Theorem B (Mönch, 1980). Suppose that G is an open neighborhood of the origin and that T :G → X is continuous and of Mönch
type, i.e., T satisﬁes the property:
D ⊂ G, D countable, D ⊂ co({0} ∪ T (D)) ⇒ D compact. (M)
If, in addition, T satisﬁes the condition (L-S), then T has a ﬁxed point in G.
In this paper we show that the above Mönch’s theorem still holds true if we replace (L-S) by (I-C) and assume also that
G is strictly star-shaped.
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view, the class of strictly star-shaped sets seems to be a natural context to state the Leray–Schauder theorem: just observe
that if T (G) ⊂ G and G is strictly star-shaped, then T automatically satisﬁes the (L-S) condition, which is not necessarily the
case when G is just open and bounded. (Notice though that in this case T does satisfy the (I-C) condition.)
In addition, in this paper we introduce a different technique to that used in [3]. This technique is similar to the one
used by Schaefer [11], replacing the radial projection on the unit ball by ‘a radial projection on the interior of the ball’. In
Section 2 we check some properties of this projection which will be needed to prove our ﬁxed point theorem in Section 3.
2. The Minkowski functional of a strictly star-shaped set
Recall that the usual radial projection on the unit ball B of the Banach space X is deﬁned as
RB(x) =
{ x
‖x‖ , if ‖x‖ 1,
x, if ‖x‖ 1.
The ﬁrst problem that arises when trying to generalize to a more general open bounded neighborhood of the origin, G ,
is that in this case the radial projection of exterior points on ∂G is not uniquely determined and its continuity is not
guaranteed. The strictly star-shaped sets seem to be a natural class of sets for which the ‘radial projection’ exists and is
continuous. Let us see how all this ﬁts together.
Let G be a strictly star-shaped, open and bounded neighborhood of the origin. Then G is absorbing, i.e., for each x ∈ X ,
there exists a > 0 such that ax ∈ G . This implies that the Minkowski functional of G can be considered. Recall that the
Minkowski functional of an absorbing set G ⊂ X is deﬁned as the function μG : X → [0,∞), given by
μG(x) = inf
{
λ > 0: λ−1x ∈ G}.
Given the fact that G is strictly star-shaped, the Minkowski functional can equivalently be deﬁned as μG(0) = 0 and, for
x = 0, μG(x) is the unique positive number such that xμG (x) ∈ ∂G .
Take now, as above, k = dist(0, ∂G) > 0 and K = sup{‖x‖: x ∈ ∂G}  k, so that BX (0,k) ⊆ G ⊆ BX (0, K ). Therefore, for
any x ∈ X with x = 0, the point x/μG(x), as it belongs to ∂G , must satisfy
k ‖x‖
μG(x)
 K , i.e., ‖x‖
K
μG(x)
‖x‖
k
. (1)
Of course, this inequality also holds true for x = 0.
It is well known that if G is convex, then μG enjoys some nice properties: μG is continuous, μG(tx) = tμG(x) for t  0,
μG(x) > 0 if x = 0, G = {x: μG(x) < 1} and G = {x: μG(x)  1} (consequently ∂G = {x: μG(x) = 1}). All these properties
still hold true if G is strictly star-shaped. In the next proposition we just prove the less obvious: the continuity.
Proposition 1. Let X be a Banach space and G an open bounded neighborhood of the origin. If G is strictly star-shaped then the
Minkowski functional μG is continuous.
Proof. Set 0 < k  K so as to satisfy inequality (1). We ﬁrst start proving the continuity of μG at 0. Let ε > 0, and choose
0 < δ < εk. Then for x ∈ BX (0, δ),
0
∣∣μG(x) − μG(0)∣∣= μG(x) ‖x‖
k
< ε.
Next we pass to the continuity of μG at a ﬁxed x0 ∈ X , x0 = 0. Let {xn} be a sequence in X which converges to x0 and let
us see that μG(xn) → μG(x0). Since x0 = 0, there is no loss of generality in assuming that {xn} is bounded away from 0, i.e.,
that there is k0 > 0 such that ‖xn‖ k0 for all n. This gives, according to inequality (1), that μG(xn) k0/K > 0 for all n.
Inequality (1) also tells us that {μG(xn)} is bounded above (for the sequence {xn} converges to x0), so it suﬃces to prove the
statement for all convergent subsequences of {μG(xn)}, and so we may assume as well that {μG(xn)} is itself convergent
to a real number λ  k0/K > 0. With all these reductions we have that xnμG (xn) converges to
x0
λ
. Now, ∂G is closed and
xn
μG (xn)
∈ ∂G for all n, so x0
λ
∈ ∂G , and this yields λ = μG(x0), as desired. 
As a consequence of this proposition we obtain that, for a set G as before, the mapping ϕG : S X → ∂G , deﬁned on the
unit sphere, S X = {x ∈ X: ‖x‖ = 1}, by ϕG(x) = xμG (x) is a continuous bijection. Even more, ϕG is a homeomorphism, since
its inverse is a lipschitzian mapping. This follows from a result by C.F. Dunkl and K.S. Williams [2] who showed that, in any
Banach space X with norm ‖ · ‖, the inequality∥∥∥∥ 1‖x‖ x− 1‖y‖ y
∥∥∥∥ 4‖x‖ + ‖y‖‖x− y‖ (2)
holds for all x, y ∈ X with x = 0 and y = 0. We state this remark as a corollary.
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ϕG : S X → ∂G, given by ϕG(x) = xμG (x) , is a homeomorphism.
We can use the Minkowski functional of G , for G a strictly star-shaped open bounded neighborhood of the origin, to
project continuously X onto G , by means of the mapping RG : X → G , given by
RG(x) =
{ x
μG (x)
, if x ∈ X \ G,
x, if x ∈ G.
This mapping projects continuously the exterior of G onto its boundary. However, we are more interested in projecting
continuously the exterior of G into its inside, more precisely into Gδ = {x ∈ G: dist(x, ∂G) < δ}, for any ﬁxed δ. We do this
in the following proposition.
Proposition 2. Let X be a Banach space and G be a strictly star-shaped open bounded neighborhood of the origin. Let 0 < k K be so
as to satisfy inequality (1), and choose δ ∈ (0,k]. Set r = δK (so that r ∈ (0,1] and rK = δ), and deﬁne P δG : X → X as
Px ≡ P δG(x) =
{
r+(1−r)μG (x)
μ2G (x)
x, if x ∈ X \ G,
x, if x ∈ G.
Then P is continuous in X, is the identity on G and P (X \ G) ⊂ Gδ = {x ∈ G: dist(x, ∂G) < δ}. Also, P x ∈ co({0} ∪ {x}) for all x ∈ X.
Proof. The continuity of P is ensured by the continuity and positivity of μG , and by the fact that the two branches glue
well together, i.e., r+(1−r)μG (x)
μ2G (x)
= 1 for all x ∈ ∂G .
Obviously, P is the identity on G , while for x ∈ X \ G , observe that μG(x) > 1 and therefore
μG(Px) = r + (1− r)μG(x)
μ2G(x)
μG(x) = r 1
μG(x)
+ (1− r) < 1,
implying that Px ∈ G . It remains to prove that dist(Px, ∂G) < δ. So using again that μG(x) > 1 and bearing in mind that‖x‖
μG (x)
 K by inequality (1), we have
dist(Px, ∂G)
∥∥∥∥Px− xμG(x)
∥∥∥∥=
∥∥∥∥ r + (1− r)μG(x)μG(x)
x
μG(x)
− x
μG(x)
∥∥∥∥= μG(x) − 1μG(x) r
∥∥∥∥ xμG(x)
∥∥∥∥< rK = δ.
Finally, the same deﬁnition of P gives that Px ∈ co({0} ∪ {x}) for all x ∈ X . 
3. A ﬁxed point theorem
We are now ready to state and prove the main theorem of this paper.
Theorem 3. Let X be a Banach space and G be a strictly star-shaped open bounded neighborhood of the origin, and suppose that
T :G → X is continuous and of Mönch type. If, in addition, T satisﬁes the condition (I-C), then T has a ﬁxed point in G.
Proof. Let 0 < k K be so as to satisfy inequality (1), and let δ ∈ (0,k] be associated to the interior condition (I-C). Deﬁne
now the corresponding P ≡ P δG as in Proposition 2.
Then the composition map P ◦ T :G → G is well deﬁned, is continuous and, since G is strictly star-shaped and invariant
under P ◦ T , also satisﬁes the boundary condition (L-S). By Theorem B, we just need to check that P ◦ T is of Mönch type to
ensure the existence of a ﬁxed point for P ◦ T . Indeed, suppose that D ⊂ G is countable with D ⊂ co({0} ∪ P ◦ T (D)). Then,
since P (T (D)) ⊂ co({0} ∪ T (D)) by Proposition 2, we obtain that D ⊂ co({0} ∪ T (D)). But the mapping T itself is of Mönch
type, so we conclude that D is compact as desired.
Let then x0 ∈ G be a ﬁxed point of P ◦ T , i.e., x0 ∈ G is such that P (T x0) = x0.
Now, if T x0 ∈ G then, by the deﬁnition of P , we get that x0 itself is a ﬁxed point for T , for T x0 = P (T x0) = x0.
Assume next that T x0 /∈ G . Then x0 = P (T x0) ∈ Gδ by Proposition 2. Also, by the deﬁnition of P , x0 = P (T x0) = tT x0
for some t ∈ (0,1), yielding T x0 = λx0 for λ = t−1 > 1. But this conﬁguration is impossible according to the interior condi-
tion (I-C). With this, the proof of the theorem is complete. 
As an immediate consequence, we obtain the following ﬁxed point theorem for a map which, in a certain sense, looks
like a limit of Mönch type maps.
Corollary 2. Let X be a Banach space, G be a strictly star-shaped open bounded neighborhood of the origin, and T :G → X be a
continuous map satisfying the following conditions:
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(ii) If D is a countable set such that D ⊂ {x ∈ G: x ∈ [0, T x)}, then D is compact.
(iii) T satisﬁes either condition (I-C) or condition (L-S).
Then T has a ﬁxed point in G.
Proof. For each positive integer n, deﬁne Tn :G → X as Tn = (1 − 1/n)T . By hypothesis (i), the map Tn is of Mönch type.
Also, it is easily seen that if T satisﬁes either condition (L-S) or condition (I-C), then Tn does too. So Tn has a ﬁxed point
xn ∈ G , by either Mönch theorem (Theorem B), or by using our Theorem 3.
In any case, we obtain a sequence {xn} of points in G , each of the xn satisfying xn = Tnxn = (1− 1/n)T xn . Therefore
{xn: n ∈N} ⊂
{
x ∈ G: x ∈ [0, T x)}.
By hypothesis (ii), {xn} has a convergent subsequence, which we keep denoting {xn}, to a point x0 ∈ G . This point is neces-
sarily a ﬁxed point of T because T is continuous at x0 and xn − T (xn) → 0. 
Let us make some comments about the necessity and/or the scope of the hypotheses of the above corollary.
Remark 1. In the ﬁrst place, observe that hypothesis (ii) can be replaced by the following weaker one:
(ii)′ If {xn} is a sequence in G such that {xn: n ∈ N} ⊂ {x ∈ G: x ∈ [0, T x)} and xn − T (xn) → 0, then {xn} has a convergent subse-
quence.
Remark 2. In the second place, notice that hypotheses (i) and (iii) do not suﬃce to guarantee a ﬁxed point of T . To see
this we use Kakutani’s map [4]: Consider the classical Hilbert space 2, with closed unit ball B , and the mapping T : B → B
deﬁned by
T x = (1− ‖x‖2)e1 + S(x),
where e1 = (1,0, . . .) and S(x1, x2, . . .) = (0, x1, x2, . . .) is the well-known shift operator. This map T is continuous and, for
any a ∈ (0,1), aT is of Mönch type since it is a-set-contractive, but nevertheless T has no ﬁxed point. Observe that this also
shows that T is not of Mönch type.
Property (ii)′ , as artiﬁcial as it may look, is actually satisﬁed by any nonexpansive mapping T (i.e., ‖T x− T y‖ ‖x− y‖)
deﬁned in a closed bounded subset of a Hilbert space X . This fact is eﬃciently used (cf. [8, Thm. 3.5]) in order to drop the
convexity assumption when the ambient space is Hilbert in a result of Petryshyn [9], which asserts the following: Suppose
that G is a convex open bounded neighborhood of the origin and that X is a uniformly convex space. If T :G → X is nonexpansive
and satisﬁes condition (L-S), then T has a ﬁxed point in G . This same statement, replacing (L-S) by (I-C), was proved in [3]. In
the following result we show that, under the (I-C) condition, the convexity assumption can also be relaxed. Its proof again
makes use of the aforementioned fact.
Corollary 3. Suppose that X is a Hilbert space and that G is a strictly star-shaped open bounded neighborhood of the origin. If
T :G → X is nonexpansive and satisﬁes either condition (L-S) or condition (I-C), then T has a ﬁxed point in G.
Proof. We shall prove this result by making use of Corollary 2. Since T is nonexpansive, we have that T is continuous and
also that for any a ∈ (0,1) the map aT is of Mönch type because, in fact, it is a-contractive.
Hence, to ensure that T has a ﬁxed point it suﬃces to check that hypothesis (ii) of Corollary 2, or rather its weaker
version (ii)′ in Remark 1, is fulﬁlled. Thus, assume that {xn} is a sequence in G such that xn − T xn → 0, and T xn = tnxn with
tn ∈ (1,∞). Let us see that {xn} has a convergent subsequence. Since X is reﬂexive and {xn} is bounded, we may assume,
passing to subsequences if necessary, that {xn} converges weakly to a point x0 ∈ X and also that the limit c = lim‖xn‖ exists.
As a ﬁrst step, we shall see that c = ‖x0‖. The inequality ‖x0‖ c is satisﬁed because x0 is the weak limit of {xn}. Hence
we proceed to prove the remaining inequality ‖x0‖ c.
Using that T is nonexpansive, obtain that
0 ‖T xn − T xm‖2 − ‖xn − xm‖2 = ‖tnxn − tmxm‖2 − ‖xn − xm‖2
= ∥∥(tn − 1)xn − (tm − 1)xm∥∥2 + 2Re〈(tn − 1)xn − (tm − 1)xm, xn − xm〉

∣∣(tn − 1)‖xn‖ − (tm − 1)‖xm‖∣∣2 + 2(tn − 1)‖xn‖2 + 2(tm − 1)‖xm‖2 − 2(tn − 1)Re〈xn, xm〉 − 2Re〈(tm − 1)xm, xn〉.
Observe that, as m → ∞, (tm − 1)xm = T xm − xm → 0 and {xm} converges weakly to x0. Thus the above inequality becomes
0 (tn − 1)2‖xn‖2 + 2(tn − 1)‖xn‖2 − 2(tn − 1)Re〈xn, x0〉,
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0 2c2 − 2‖x0‖2.
In conclusion, we have that {xn} converges weakly to x0 and that ‖xn‖ → ‖x0‖. So, as X is a Hilbert space, in this
situation it follows easily that ‖xn − x0‖ → 0. 
Remark 3. Since the well-known Kadec–Klee property, i.e., xn
w−−→ x0 and ‖xn‖ → ‖x0‖ implies ‖xn − x0‖ → 0, is also enjoyed
by any uniformly convex Banach space, the question rises naturally: Does Corollary 3 still hold in the more general context
of a uniformly convex space? This would be true if, for instance, property (ii)′ is satisﬁed by any nonexpansive mapping in
a uniformly convex space.
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